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stract

This report concludes the proof of the addition formula T
(a,8)
o (x)

20bi polynomials P » which was initiated in the previ

oer (Math. Centrum Amsterdam Report TW 133 (1972)). The resu

1i.q"'gao)(x)

= obtained by interpreting Jacobli polynomials P as

rerical functions on the homogeneous space U(q)/U(g-1).







Decomposition of surface harmonics with respect to the sub-

.group U(g-1).(*)

At the end. of section 3 we obtained the second. stage of the
lition theorem. (theorem 3.8), which was formulated in terms of an
oitrary orthonormal base of harm(m,n). In this section we will de-
npose the class harm (m,n) with respect to the subgroup U(q-1).
1s.a canonical orthonormal. base can be chosen for harm (m,n) and

addition formula (3.17) can be written in a more explicit way.

w

> result is an addition formula for the polynomials Réui(x+iy),
H
fined in. (3.15),-whieh are orthogonal in the circle,. and which

(a,O). We call this result the third

2lude the Jacobi. polynomials Pn

age of the addition theorem.

Like in formula (2.16) we will write a vector £ ¢ ng as

14

g =cos 6 e " e, +sin g &'

!
1 » &1 E a0

)In this report we continue the numbering of sections, formulas

i1 theorems as started in our previous paper '"The addition formula

r Jacobi polynomials, II, The Laplace type integral representation
i the product formula" (Math. Centrum Amsterdam Report TW 133 (197
snever in the present paper references are given to section 1,2,3

4 these have to be understood as references to the corresponding

ace in report TW 133. Numbers. between square brackets in the pre-

1t paper refer to the list of references at the end of report

133. Reference [11] appeared.in Nederl. Akad. Wetensch. Proc.

r. A 75 and Indag. Math. 34 (1972), pp. 188-191. See also the

te added in proof at p. 11 of the present report.




Recall that by theorem 3.3 and formula (3.15) the zonal functions in

harm (m,n) are constant multiples of

r(22) (05 g o3¢y = g(a-25[m-n])

]m-nei(m—n)¢
m,n mAn ’

(cos 26)(cos 8)

Theorem 5.1. Let k, 1 be integers such that 0 < k <mand 0 < 1 < n.

Let the class harm (m,n3;k,l) consist of the functions

. k - i
(5.1) S(g) = (sin 8) L Régk?zﬁzl)(cos 3] el¢) S£,1(£'>’

vhere Si 1 is a surface harmonic of type (k,1) on ng 5 Then the
L) -
:lasses harm (m,n;k,1) are contained in harm (m,n), they are invari-
int and irreducible under U(q-1), and there is the orthogonal decom-
Yosition n n
harm(m,n) = Z X harm (m,n3;k,1).
k=0 1=0

roof. The orthogonality follows from formula (2.18) and proposition
2.1. The invariance and irreducibility follow from theorem 3.k. By

‘ormula (3.14) we have

m n
dim. (harm(m,n)) = Z Z dim. (harm(m,n3k,1)).
k=0 1=0
t is only left to prove that the functions S(£) given by (5.1) be-

ong to harm(m,n).

First observe that the polynomial Héai(z,g) =
>
= H(a)(z ceesZ 3Z ,...,2 ) defined by
m,n -l’ 5 q’ 1, 9 q
2.2 =2, %, —...=2 Z
m-n - n _(a,m-n), 17172 q a
5.2) z (z,z, +...+ 2z 2 )7 R (—= = 1)
+ +...+
( 1 171 qq 242,722 Zqzq
- >
(a)(z,z) - form =2 n,
m,n _ _ _
-Nn-m (Z - + +z E )m R(a,n—m)(z121_z z ~ - o] q)
: Z +7z 72+ +7 zZ
1 11 qQq z1z1 Z 22 zqzq

s homogeneous od degree m in z and homogeneous of degree n in z. For
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g-2 it is a solid harmonic of type (m,n) by theorem 3.3. By putting
+...+ z z_ and by using [5], §10.8 (16) it follows that for

2,2, 0%q
integers m, n > O
a);_ = m -n W
= F (-m,-njo+13- = =
Hm’n(z,z) 2, 21 5 1( m,-njo+1;- = = )

mAan (-m). (-n). . . ..

J Jd J=J -n-3 J
. (a+1). 3! (=1) 21 % )
J=0 o

1 this expansion we derive that

9 (o) mn (a+1) -
Sw Hm,n (z,2) = - a+1 m-1,n-1 (z,2).
s el t = 0.
ag,a3,...,aq,b2,b3, ,bq be complex numbers such that a2b2+ aqbq 0

0 <k <mand 0 <1 <n. Then it follows easily that the polynomial

3 3 \k . (gq-2)
——— . .+ ————
(ay 55+ aqazq) Hotl nek

. Z,2)
2 o] 2

- - 1,8 k+1 _(g=2) -
22 ©e q q 2%2 ¢ a q) (Bw) m+l,n+k(z’Z>
- 1 _(g-2+k+1) -
q q) Hm—k,l’l—l (Z,Z),

‘e the constant is non-zero.

. k - - 1 .
ce ot +...+
The polynomials (a222 + aqzq) (b222 quq) qf?r which

) +...+ aqb = 0 are so0lid harmonics of type (k,1) on C and they
1 this class of solid harmonics because the class is irreducible under
(q-2+k+l)(
22" m-k ,n-1
»1id harmonic of type (m,n) on C% if F is a solid harmonic of type (k,1)

and by using (5.2), (2.16)

-1). Hence the polynomials F(z zq,Eg,...,Eq) H z,z) is

)q—1. By restricting this polynomial to QEq

(3.15) it follows that the functions given by (5.1) are in the class

1 (m,n). This proves the theorem.




=l

By repeated application of theorem 5.1 to classes of surface
larmonics on QQq—2’ ng_h,..., 92, respectively, we can obtain an ex-
licit base for harm (m,n). Such an explicit base is given by Ikeda and
ayama [9]. They obtained the result by solving the partial differential
quation (2.10) for solid harmonics, introducing suitable coordinates
nd applying the method of separation of variables. Our theorem 5.1 can
1lso be proved as a corollary of their results.

We will need the L2—norm of the functions S in (5.1). By formulas

2.18), (3.15), (2.21) and by [5], § 10.8 (L) it follows that

2
5.3) J [s(g)] duy (&) =

f2m 2w ot . _
J J gla=2titl) (oo 210912 (gin 0)20+2K+21-3
0o ‘o

m—k ,n-1 cos 6 d6 4
f 2
' ' 1) =
- | I8y ()] dwy, H(E")
Q2q-2
m(m-k)! (n-1)! . 12
(q=T+m#n) (q-1+k+1)_ . (qoi+ksl) . * 8,1 (817 du,
m-k n-1 0
2q-2
Ca )

Let the functions Sj(&') (J = 1,..., N(q-13k,1)) form an ortho-
ormal base for the surface harmonics of type (k,1) on qu—2' Then, by
neorem 5.1 and formula (5.3), the functions

(q=T+m+n) (q-1+k+1) (q-1+k+l)n_%>% -
m(m-k)! (n-1)! (sin 6) :

(q-2+k+1)

i .
 Rptpomey | (eos 8 ety srE), § = 1L, Wa-T3k,1),

>rm an orthonormal base for harm (m,n;k,l).By using theorem 3.8 we can

mclude the following.
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Llary 5.2. Let the functions Sj(i) (J = 1,000, N(g-13k,1)) form

sthonormal base of harm (m,n3;k,1l). Let for &, n € ng

i¢
1 .
8 8 1,e! Q
cos 6, e e, + sin 1 gr,e' € pq-2 and

['Aat
[}

_i¢.2
e + sin 6 ! ! Q
cos 0, e e, sin O, n', Nn' €

3
[}

2q-2"

EWEQ'13R’1) S.(€) s.(n) = const.
J=1 J J

¢
. k+1 _(q-2+k+1) %
0 0
(sin 1) Rm—k,n-l (cos , € ).

i
. k+1 _(q-2+k+1) 1%
(sin 62) Rm—k,n—l (cos 62 e ).

(Q-3) ' '
R e,

the constant equals

N(g-13k,1) (q=1+m+n) (q-1+k+1) (q-1+k+1)n_l

m-k

w2q-2 T (m=k)! (n-1)!

Combination of theorem 3.8, theorem 5.1 and corollary 5.2 gives

formula

R192) (£ n)) =

m,n
_ _(g=2) i¢1 i¢2 ) ) v _
= Rm,n (cos 61 e cos 92 e + sin 81 sin 62 (g',n")) =
m n ié
. + -
= Z Z c, 1 (sin 61)k 1 R(qk2+kil)(cos 61 e 1).
k=0 1=0 ~° m=x,n-=
a0
) k+1l _(g-2+k+1) 2y o(a=3) 00
(sin 82) Rm—k,n-l (cos 62 e ) Rk,l ((g',n")),
Uy N(q-13k,1) (q-14k+1) (q-1+k+1) . (q-T+min)
where ¢ = I

k,1 T2 N(q3m,n) (m-k)!(n-1)!
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;ting (£',n') = r elw, o = g-2 and by using (2.13) and (3.12)

ormula 1s reduced to

i i¢ .

(a) 1o 2 . . iv, _
Rm’n(cos 6, € cos 6, e +sin 6, sin 6, r e ) =
m n id

) + + k+ 1
= 2 Z c (g)k 1 (sin 61)k 1 Réﬁk i_i)(cos 61 e ).
k=0 1=0 "M% ’
i .
. k+1 _(a+k+1) 2y _(a=1) iy

(sin 62) Rm_k’n_l(cos 6, e ) Rk,l (r e "),
o= 1,244 , Where

(a) a m\ /n (a+n+1)k (a+m+1)l
®m,n,k,1  a+k+l GJ @) (a+1),  (a+k);

1 this formula the third stage of the addition theorem.(*)

+ addition formula for Jacobi polynomials in the general case.

The addition formula (5.4) was proved by interpreting the
ons in (5.4) as functions on the homogeneous space

(q-1). Next we can obtain some corollaries of (5.L4) by con-
ng the formula just as an analytic formula and by using such
methods as differentiation and analytic continuation.

e will prove the fourth (final) stage of the addition

m , i.e. the result for Jacobi polynomials Piu’8>(x)

. and B arbitrary. It will turn out that this general result

y follows from the special case of (5.4) for which

and m = n. In other words, the addition formula for general
polynomials can be obtained by doing analysis on the homo-

s space SU(3)/U(2), which is the simplest non-trivial complex

e note added in proof at p. 11.




space.

oved in the previous section that formula (5.L) e

ve integer values of o. We will show--that the fo

arbitrary complex values of o. Using (2.20) and en-
)(X) = (-1)" PéB,a)(_x) we have for m = n

R(u) (z) = R(a’m_n)(QzE -1) 2R

m,n n

- (m—n+1)n (_1)n R(m—n,q)(1_222) R
(a+1) "
n
- (m~n+1)n (_ﬂn 2 (—n)k (m+0L+1)k zk+m—-n Ek
(a+1)n k=0 (m-n+1)k k!

(z) = (n-m+1)m(_1)m o (—m)k (n+a+1)

+ =1(n-m+ !
a T)m k=1(n-m 1)k k

K Zk Ek+

(

m
5.4) are rational functions of o. After multipli of

llows that R OLr)l(z) is a rational function of a. both
H

of (5.4) with a suitable factor we obtain a pol 1

n o, which holds for o = 1,2,3,.... Therefore fo

rue for all complex values of a.

nt to apply. (6.1) and (6.2) in another way. It f

n these formulas that for all integers m,n = O

5gZ_RmO:r)l(z) = m(zi?+1) Ré?Tli(Z)’
2 R (2) = nlwres1) B ().

o+1

[ob)
N |
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putting z = r eiw in (5.4) it turns out that differentiation
th sides of (5.4) with respect to z gives the same formula
o replaced by o+1 and m by m-1. Similarly o is raised and
lowered in (5.4) by.differentiation with respect to z.
» if formula (5.4) is known for one value of o (for instance
= 1) and for all values of m,n , then repeated differentiation
.4) with respect to z and z gives the addition formula for
x+2, o+3,... and the case of general o follows again by analytic
auation.
D?fferentiation-of both sides of (5.4) with respect to
1y -1y

e or z =r e gives the recursion formulas

+1)
(041) (k+1) o'®) = oo and
ﬁ-;%)(—m-—) m,n,k+1,1 m-1,n,k,1
o . (a) _ (a+1) i
;-i—ml-:%-)—(-i—l) Cmsn:k,l+1 Cm’n‘“ksl ’
respectively
» _ o o . (a) -
*ting 6, = 0, ¢, = 0 in (5.4) it is evident that Chn.0,0 = 1.

rovides another method to compute the coefficients

.1 in (5.L4).

The right hand side of the addition formula (5.4) can be
lered as an orthogonal expansion of the left hand side with
't to the measure

)a—T

't to this measure the product formula (4.11) can be obtained.

r dr dy , a > 0. By integration both sides of (5.4) with

Putting m = n, ¢1 = ¢2 = 0 and taking the terms (k,l) and

together in (5.4) we can reduce this formula to
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R(a’o)(2cosge cos29 + 2sin26 singe +
n 1 2 1 2

+ sin261 sin26, r cosy-1) =

2

n k : (a+n+1). (a+n+1)
= n n k 1
bk=0 d1=0 aik+l CJ @) (o+1),  (a+k);

k+1 (a+k+1,k-1)

)k-l
n-k

(sinb )

1 R

(cosH (003261

1

k+1 )k-l R(a+k+l,k—l)

(00562 ok

(sinb )

5 (005292

(a—1,k—l)(

. Ry 2r2-1) ot e(k-1) cos(k-1)vy,

1) =1 for k=1,
=2 for k=l.

A
Let Cn(x)

[}
=]
=

)(X) = cos(n arccos x) denote a Gegenbauer

. a Chebyshev polynomial, respectively.
0.9(6) and §10.11(5) we have the limit

1lim A+n Ck(x) = ¢(n)T (x). We conclude with t
= "n n
A0 n

he addition theorem.

1. For all complex o and B8 (B#0) the formula
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(asB) 2 2 .2 . 2 2
(6.6) Pn (2cos e1 cos 62 + 2sin 91 sin 62 r- o+

+ sin261 sin26, r cosy =-1) =

2

= TR k (a,B) . . k+1 k-1
- Zk=o Zl=0 Cn,k,l (Slne1 51n62) (cos6 cosez)

1

(o+k+1,B+k-1) (o+k+1,B+k-1)
. Pn—k (c05261) Pn—k (cos262).
. P(a_8-1’8+k_l)(2r2—1) rk_l B+k-1 C B (cosy)
1 — "k-1
B
) . (a,B) _
1s valid, where Cn,k,l =

= (a+k+1)T'(o+B+n+k+1)T(o+k)T(B+1)T(B+n+1)T (n-k+1).
T'(o+B+n+1)T (a+n+1+1)I (R+k+1)T(B+n-1+1)

B

k_l(cosw) replaced by

For B=0 the same formula holds with B+k-1(C
- B

;(k—l)Tk_l(cosw).

Proof. For R=0 the formula follows from (6.5), by using (2.20) and
(2.21). For B=1,2,3,... the result follows by differentiating both
sides of (6.6) with respect to cosy.

Jere we use the formulas

(0‘«+m98+m)(x)

n-m

— a\® p{4B)(x) = 2™ I(ggrnimtr) P
T n I (a+R+n+1)

Ggam Tn(x) = Em_j(m-1)! n ot (x)
dx

(see [5], §10.8(17) and §10.11(26)).
Tor general B the formula is proved by analytic continuation with
respect to B. This is permitted because both sides of (6.6) are

rational functions in 8.
qg.e.d.
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added 4n proof. A recent review in Zbl. Math. called the

>r's attention to the following two papers.

Vilenkin, N.Ja. and R.L.gapiro,
Irreducible representations of the group SU(n) of class
one with respect to SU(n-1), Izv. Vysg. Utebn. Zaved.

Matematika 62(1967), 9-20 (Russian).

éapiro, R.L.,
The special functions connected with the representations
of the group SU(n) of class one with respect to SU(n-1)
(n 2 3), ibidem T1(1968), 97-107 (Russian).

> two papers anticipate the author's work and derive some of
"esults along the same lines. In particular, our formula (5.L4),
the third stage of the addition theorem, is the same as for-
(1.20) in [18]. It seems that these two papers were completely
>wn outside the Soviet Union until the present day. Probably

*inal addition theorem 6.1 is new.







